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stationary set( )
. stationary set , stationary set ,
, GCH( ) . , $P_{\kappa}\lambda$
stationary set .
1
, Kunen [17], Kanamori [14] ,
.. $X$ , $|X|$ $X$ .
$\bullet$ ordinal $\gamma$ $X\subseteq\gamma$ , $X$ $\gamma$ unbounded $\forall\alpha\in\gamma\exists\beta\in X(\alpha\leq\beta)$
.
$\bullet$ $X,$ $\mathrm{Y}$ $\mathrm{x}_{\mathrm{Y}}=$ { $f$ : $f$ $X$ $Y$ },
$\bullet$ cardinal $\mu,$ $\nu$ ,
$-$ $\mu^{\nu}=|^{\nu}\mu|$ ,
$- \mu^{<\nu}=|\bigcup_{\alpha<\nu}\alpha\mu|$ .. ordinal $\gamma$ , $\mathrm{c}\mathrm{f}(\gamma)=\min${ $|X|$ : $X\subseteq\gamma,$ $X$ $\gamma$ unbounded}.
$\mathrm{c}\mathrm{f}(\gamma)$
$\gamma$ cofinality .
- $\gamma[] \mathrm{X}$ regular $\Leftrightarrow \mathrm{c}\mathrm{f}(\gamma)=\gamma$,
-
$\gamma$ } $\mathrm{f}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\Leftrightarrow \mathrm{c}\mathrm{f}(\gamma)<\gamma$ .
Fact 1.1 (1) regular ordinal cardinal ,
(2) successor cardinal regular .
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(3) cardinal $\mu$ , $\mu^{\mathrm{c}\mathrm{f}(\mu)}>\mu$.
Cardinal $\kappa$ strong limit $\forall\alpha<\kappa(2^{\alpha}<\kappa)$ . , weakly inaccessible
cardinal regular limit cardinal , strongly inaccessible cardinal regular strong
limit cardinal .
G\"odel , “ ZFC




2 Stationary set and club set
, regular uncountable cardinal stationary set , saturated
ideal .
, , $\kappa$ regular uncountable cardinal
.
Definition 2.1 Limit ordinal $\gamma$ $X\subseteq\gamma$ , $X$ $\gamma$ closed $\Leftrightarrow\forall\alpha<\gamma(\alpha$ limit
ordin $X\cap\alpha$ $\alpha$ unbounded $\Rightarrow$ a $\in X$ ).
$C\subseteq\gamma$ , $C$ $\gamma$ club $\Leftrightarrow C$ $\gamma$ closed unbounded.
Deflnition 2.2 limit ordinal 7 $S\subseteq\gamma$ , $S$ $\gamma$ stationary $\Leftrightarrow S\cap C\neq\emptyset$ 7
club $C$ .
$S$ $\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{y}\Leftrightarrow S$ stationary , , club set $C$ $C,\cap S=\emptyset$
.
, regular uncountable cardinal stationary set ,
club, stationary “ $\kappa$ ( )” .
, $\kappa$ club set $\kappa$ , non-stationary set
, stationary set .
, club, stationary .
Fact 2.3 (1) $\kappa$ club ,
(2) $C,$ $D\subseteq\kappa$ club set , $C\cap D$ club set .
club set stationary set .
(3) $S$ stationary set, $C$ club $S\cap C$ stationary ,
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(4) $S\subseteq\kappa$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{v}\sim$ set $S$ unbounded $|S|=\kappa$ .
stationary set . ,
.
Fact 2.4 $S\subseteq\kappa$ , .
(1) $S$ es stationary,
(2) – $M$ $\kappa\subseteq M$ , $N\prec M$
$N\cap\kappa\in S$ .
, club set : $X\subseteq\kappa$ club set




Fact 2.5 $(\mathrm{F}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{r}[3])S\subseteq\kappa$ stationary set function $f$ : $Sarrow\kappa$ $\forall\alpha\in S(f(\alpha)<\alpha)$
, $\beta<\kappa$ $\{\alpha\in S:f(\alpha)=\beta\}$ stationary .
, $S\subseteq\kappa$ Fodor $S$ stationary
. stationary set , Fodor
.
Fact 2.6 $S\subseteq\kappa$ :
(1) $S\#\mathrm{h}$ stationary,
(2) function $f$ : $Sarrow\kappa$ , $\forall\alpha\in S(f(\alpha)<\alpha)$ $\beta<\kappa$
$\{\alpha\in S:f(\alpha)=\beta\}$ unbounded .
, stationary set .
(1) $\kappa$ ,
(2) $\{\alpha<\kappa:\alpha\}\mathfrak{X}$ limit ordinal},
(3) $\{\alpha<\kappa : \mathrm{c}\mathrm{f}(\alpha)=\mu\}$ , $\mu<\kappa$ cardinal .
(1) (2) , club set $C\subseteq\kappa$ $C$ ,




. $\omega_{1}$ regular uncountable cardinal $\kappa$ stationary set
: $\{\alpha<\kappa:\mathrm{c}\mathrm{f}(\alpha)=\omega\}$ $\{\alpha<\kappa:\mathrm{c}\mathrm{f}(\alpha)=\omega_{1}\}$ .. $\kappa$ weakly inaccessible cardinal , $\kappa$ stationary set :
$\{\alpha<\kappa:\mathrm{c}\mathrm{f}(\alpha)=\mu\}$ , $\mu<\kappa$ regular cardinal.
.
Question 2.7 $\kappa$ stationary set stationary set
? $\kappa$ ?
Foder-Hajna1[4] .





Deflnition 2.8 infinte set $A$ $I\subseteq P(A)$ , $I$ $A$ ideal :
(1) $\forall X\in I\forall \mathrm{Y}\in P(A)(\mathrm{Y}\subseteq X\Rightarrow Y\in I)$ ,
(2) $\forall X,$ $\mathrm{Y}\in I(X\cup Y\in I)$ ,
(3) $\emptyset\in I$ $A\not\in I$ ,
(4) $\forall a\in A(\{a\}\in I)$ .
(1)$-(3)$ , $I$ $P(A)$ proper ideal .
(4) , . , ideal
.
Deflnition 2.9 infinite cardinal $\mu$ $A$ ideal $I$ , $I$ $\mu$-complete $\forall B\subseteq$
$I(|B|<\muarrow\cup B\in I)$ .
Definition 2.10 $A$ ideal $I$ ,
$\bullet$ $I^{+}=\mathcal{P}(A)\backslash I$. $I^{+}$ I-positive set .
$\bullet$ $X\in I^{+}$ , $I|X=\{\mathrm{Y}\subseteq A:Y\cap X\in I\}$ . $I|X$ $I$ $X$ ,
$A$ ideal .
stationary set , ideal .
$\bullet$ $\mathrm{I}_{\kappa}=$ { $X\subseteq\kappa$ : $X$ $\kappa$ bounded} $\kappa$ &complete ideal .
$\bullet$ $\mathrm{N}\mathrm{S}_{\kappa}=$ { $X\subseteq\kappa:X$ $\kappa$ non-stationary} $\kappa$ $\kappa$-complete ideal .
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$\mathrm{I}_{\kappa}$ bounded ideal, $\mathrm{N}\mathrm{S}_{\kappa}$ non-stationary ideal . , $\mathrm{I}_{\kappa}^{+}$
unbounded set , $\mathrm{N}\mathrm{S}_{\kappa}^{\overline{+}}$ stationary set – .
Tarski “saturated ideal” .
Definition 2.11 (Tarski[27]) cardinal $\mu$ $A$ ideal $I$ , $I$ $\mu$-saturated $\Leftrightarrow$
$\forall B\subseteq I^{+}(|B|\geq\mu\Rightarrow\exists X, Y\in B(X\neq Y\wedge X\cap \mathrm{Y}\in I^{+})$ .
, $A$ ideal $I$ 2-saturated $I$ maximal ideal , $\forall X\subseteq A(X\in$
$I\vee A\backslash X\in I)$ , $A$ ideal $(2^{|A|})^{+}$ -saturated .
, saturation ideal maximal ideal ,
.
Fact 2.12 Stationary set $S\subseteq\kappa$ cardinal $\mu\leq\kappa$ , $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\mu$-saturated
$S$
$\mu$ stationary set .
, stationary set saturated ideal :




“ 2-saturated ideal ”
1. , measurable cardinal .
Deflnition 2.14 $\kappa$ measurable cardinal $\kappa$ 2-saturated $\kappa$-complete ideal
.
, lneasurable cardinal .
Fact 2.15 $\kappa \text{ }$ meaeurable cardinal -t $\text{ }$ .
(1) $\kappa$ strongly inaccessible cardinal ,
(2) { $\alpha<\kappa$ : $\alpha$ strongly inaccessible cardinal} unbonded .
strongly inaccessible cardinal ZFC
. – G\"odel , ZFC ZFC
. , ZFC strongly inaccessible cardinal 2. ,
.
1 ideal $\langle$ , ffiter , .
2 , “ZFC ZFC $\epsilon \mathrm{t}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{y}$ inaccessible cardinal
” ZFC . – “ZFC ZFC strongly inaccessible
cardinal ” ZFC .
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Cor. 2.16 “ stationary set $S\subseteq\kappa$ $\mathrm{N}\mathrm{S}_{\kappa}|S$ 2-saturated ” ZFC
.
Proof: , ZFC measurable cardinal
, .
“ stationary set ZFC ” –
. “ stationary set ”
ZFC . ?
, $\kappa$ successor cardinal Ulam matrix
.
Fact 2.17 (Ulam[28]) $\kappa$ successor cardinal , $\kappa$ $\kappa$-complete $\kappa$-saturated ideal
.
$\kappa$ ideal $\kappa$-saturated $\kappa^{+}$-saturated , successor cardi-
nal $\kappa$ stationary set $\kappa$ . $\kappa$ weakly
inaccessible cardinal , Solovay .
Fact 2.18 (Solovay[25]) Stationary set $S\subseteq\kappa$ , $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\kappa$-saturated .
, stationary set $S$ $\kappa$ stationary set .
Solovay , $\kappa$ $\kappa$-complete 2-saturated ideal ( $\kappa$ measurable cardinal)
i $\kappa$-complete xsaturated ideal ,
Fact 218 . (ZFC )






Cor. 2.19 $\kappa$ stationary set $\kappa$ stationary set .
, .




Question 3.1 stationary set $S\subseteq\kappa$ $\mathrm{N}\mathrm{S}_{\kappa}$ $\kappa^{+}$-saturated ?
$\kappa^{+}$-saturated . , $\kappa$
$\kappa- \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\kappa$-saturated ideal $\kappa$ “ ”measurable cardinal .
, $\kappa$-complete $\kappa^{+}$-saturated ideal , $\kappa$ measurable
cardinal , measurable cardinal $\kappa^{+}$-saturated
ideal . , $\kappa$-complete $\kappa^{+}$-saturated ideal
$\kappa$ “ ” .
, measurable cardinal inaccessible cardinal , $\omega_{1}$ $\aleph_{1}$-complete
2-saturated ideal ( $\aleph_{1}$ -saturated ). - $\omega_{1}$ $\aleph_{1}- \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\aleph_{2}-$
saturated ideal . $\kappa^{+}$-saturated ideal
, “ – ” .
$\mathrm{N}\mathrm{S}_{\kappa}$ , $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\kappa^{+}$-saturated .
, ZFC forcing .
Fact 3.2 $(\mathrm{J}\mathrm{e}\mathrm{c}\mathrm{h}- \mathrm{M}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{o}\mathrm{r}-\mathrm{M}\mathrm{i}\mathrm{t}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{U}- \mathrm{P}\mathrm{r}i\mathrm{k}\mathrm{r}\mathrm{y}[12])$ equiconsistent .
(1) measurable cardinal .,
(2) $\kappa$ $\kappa$ $\kappa-\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}$ $\kappa^{+}$-saturated ideal .
, $\mathrm{T}$ $\mathrm{T}$’ equiconsistent $‘(\mathrm{T}$ $\mathrm{T}$’
” ZFC .
, $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\kappa^{+}$-saturated stationary set $S$ ZFC
. – , .
Fact 3.3 (Shelah[22], Gitik-Shelah[10])
(1) $\kappa>\omega_{1}$ $\mathrm{N}\mathrm{S}_{\kappa}$ $\kappa^{+}$-saturated ,
(2) $\mu<\kappa$ regular cardinal $\mu^{+}<\kappa$ , $\mathrm{N}\mathrm{S}_{\kappa}|\{\alpha<\kappa : \mathrm{c}\mathrm{f}(\alpha)=\mu\}$ $\kappa^{+}$-saturated
.
, $\kappa>$ Wl $\mathrm{N}\mathrm{S}_{\kappa}$ , $\mathrm{N}\mathrm{S}_{\kappa}$ stationary set
$\kappa^{+}$-saturated . , $\mathrm{N}\mathrm{S}_{v\iota}$‘ $\aleph_{2}$-saturated , $\kappa>\omega_{1}$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$
$\kappa^{+}$-saturated ? ,
.
Fact 3.4 , .
(1) $\mathrm{N}\mathrm{S}_{\omega_{1}}\mathrm{r}$: N2-saturated,
(2) $\kappa>\omega_{1}$ \check 2 stationary set $S\subseteq\kappa$ NSJS $\kappa^{+}$-saturated .
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(1) Steel-Van $\mathrm{W}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{p}[26],$ $\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}- \mathrm{M}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{o}\mathrm{r}- \mathrm{S}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{h}[7],$ $\mathrm{S}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{h}[23]$ , (2)
Foreman[5], Jech-Woodin[13], Gitik[9], Shelah[23] 3.
Fact 3.3 (2) , stationary set $S$ $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\kappa^{+}$-saturated , $S$ $\{\alpha<$
\mbox{\boldmath $\kappa$}:cf(\alpha )=\mu } Fact 34 (2) saturate
$S$ $\{\alpha<\kappa : \mathrm{c}\mathrm{f}(\alpha)=\mu\}$ subset stationary set $S$
$\mathrm{N}\mathrm{S}_{\kappa}|S$
$\kappa^{+}$-saturated .
, Fact 33 $\kappa=\mu^{+}$ $\mathrm{N}\mathrm{S}_{\kappa}|\{\alpha<\kappa:\mathrm{c}\mathrm{f}(\alpha)=\mu\}$ $\kappa^{+}$-saturated ?
.
, saturated ideal GCH measurable cardinal
. ,
measurable cardinal saturated ideal
( ). saturated ideal
. .
Fact 3.5 $\kappa$ $\kappa$-complete $\kappa^{+}$-saturated ideal , $\forall\alpha<\kappa(2^{\alpha}=\alpha^{+})$
, $2^{\kappa}=\kappa^{+}$ .
4 , .
, Woodin , saturated ideal
.
Fact 3.6 (Woodin) $\mathrm{N}\mathrm{S}_{1d_{1}}$ $\aleph_{2}$-saturated . measurable cardinal
$2^{\mathrm{N}_{\mathrm{O}}}\geq\aleph_{2}$ .
“measurable cardinal ” ,
. , GCH “ stationary set $S\subseteq\kappa$ $\mathrm{N}\mathrm{S}_{\kappa}|S$
$\kappa^{+}$-saturated ” , ( ) .
Fact 3.7 . ,
(1) $2^{\aleph_{0}}=\aleph_{1}$ stationary set $S\subseteq\omega_{1}$ $\mathrm{N}\mathrm{S}_{\omega_{1}}|S$ $\aleph_{2}$-saturated
,
(2) $\kappa>\omega_{1}$ , GCH stationary set $S\subseteq\kappa$ $\mathrm{N}\mathrm{S}_{\kappa}|S$ $\kappa^{+}$-saturated
.
(1) $\mathrm{S}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{h}[7]$ , (2) , Fact 3.4 .
$s_{(1)}$ ,
. (2) $\kappa$ $\epsilon \mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{y}$set .
4 t , “ $\kappa$ , $\kappa$
” . Fact 215 , measurable cardinal strongly $\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{c}\mathrm{c}\infty \mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ $\kappa$ cardinal
.
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4 Stationary set of $P_{\kappa}$A
$\kappa$ club stationary set , $P_{\kappa}\lambda$
. $P_{\kappa}\lambda$ , $\kappa$
$P_{\kappa}\lambda$ .
Definition 4.1 $\lambda$ $\kappa$ . ,
$\mathcal{P}_{\kappa}\lambda=\{x\subseteq\lambda : |x|<\kappa\}$ .
, $\lambda$ $\kappa$ cardinal . , .
Note 4.2 (1) $|P_{\kappa}\lambda|=\lambda^{<\kappa}$ ,
(a) $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\lambda^{<\kappa}>\lambda$ ,
(b) GCH $\mathrm{c}\mathrm{f}(\lambda)\geq\kappa$ $\lambda^{<\kappa}=\lambda,$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\lambda^{<\kappa}=\lambda^{+}$ .
$\mathcal{P}_{\kappa}\lambda$ club, stationary Jech .
Deflnition 4.3 $(\mathrm{J}\bm{\mathrm{r}}\mathrm{h}[11])X\subseteq P_{\kappa}\lambda$ ,
$\bullet$ $X$ es $\mathrm{P}_{\kappa}\mathrm{A}$ $\text{ }$ unbounded $\Leftrightarrow\forall x\in \mathcal{P}_{\kappa}\lambda\exists y\in X(x\subseteq y)$ ,. $Xt\mathrm{h}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{d}\Leftrightarrow\forall \mathrm{Y}\subseteq X(|\mathrm{Y}|<\kappa\wedge\forall x, y\in \mathrm{Y}\exists z\in \mathrm{Y}(x\cup y\subseteq z)\Rightarrow\cup \mathrm{Y}\in X)$ .
$C\subseteq P_{\kappa}\lambda l^{\mathit{3}}$ club $\Leftrightarrow C$ IS $P_{\kappa}\mathrm{A}$ $\text{ }$ closed $\hslash^{\mathrm{l}}\text{ }$ unbounded.
$S\subseteq \mathcal{P}_{\kappa}\lambda$ , $S$ $\mathcal{P}_{\kappa}\lambda$ stationary $\Leftrightarrow S\cap C\neq\emptyset$ $\mathcal{P}_{\kappa}\lambda$ club $C$
.
$\kappa$ , “$P_{\kappa}\lambda$ ” .
$\mathcal{P}_{\kappa}\lambda$ club, stationary club, stationary
.
Fact 4.4 (1) $C,$ $D\subseteq P_{\kappa}\lambda$ club $C\cap D$ club .
club stationary ,
(2) $S$ stationary $S$ unbounded,
(3) $X$ unbounded $|X|\geq\lambda$ , $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $|X|>\lambda$ .
, , $P_{\kappa}\lambda$ stationary, club $\kappa$ .
Fact 4.5 (1) $\kappa$ club $P_{\kappa}\kappa$ club ,
(2) $C$ $P_{\kappa}\kappa$ club $C\cap\kappa$ $\kappa$ club .
, $P_{\kappa}\lambda$ stationary set $\kappa$ – .
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Fact 4.6 $S\subseteq \mathcal{P}_{\kappa}\lambda$ :
(1) $S$ es stationary,
(2) – $M$ $\lambda\subseteq M$ $N\prec M$ $N\cap\kappa\in\kappa$
$N\cap\lambda\in S$ .
Fodor $\mathcal{P}_{\kappa}\lambda$ .
Ebct 4.7 $(\mathrm{J}\mathrm{e}\mathrm{c}\mathrm{h}[11])S\subseteq P_{\kappa}\lambda$ stationary set function $f$ : $Sarrow\lambda$ $\forall x\in$
$S\backslash \{\emptyset\}(f(x)\in x)$ , $\beta<\lambda$ $\{x\in S:f(x)=\beta\}$ stationary
.
, $\kappa$ Foder stationary .
Fact 4.8 $(\mathrm{M}\mathrm{e}\mathrm{n}\mathrm{a}\mathrm{s}[21])\lambda>\kappa$ $P_{\kappa}\lambda$ unbounded non-stationary set
: function $f:Sarrow\lambda$ $\forall x\in S\backslash \{\emptyset\}(f(x)\in x)$
, $\beta<\lambda$ $\{x\in S:f(x)=\beta\}$ unbounded .
, $P_{\kappa}\lambda$ stationary $\kappa$ stationary
. , $P_{\kappa}\lambda$ stationary set $\kappa$ ,
:
$P_{\kappa}\lambda$ stationary set $\lambda^{<\hslash}$ stationary set .
$\mathrm{M}\mathrm{e}\mathrm{n}\mathrm{a}\mathrm{e}[21]$ Menas’ $\mathrm{c}\mathrm{o}\dot{\eta}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}$ . ,
. $2^{\aleph_{0}}>\aleph_{1}$ ,
$|P_{w_{1}}\omega_{1}|=\aleph_{1}^{<\aleph_{1}}\geq 2^{\aleph_{0}}\geq\aleph_{2}$ . – $\mathcal{P}_{\omega_{1}}\omega\iota$ $\aleph_{1}$ stationary set
, stationary set Rl .
, Menas’ conjecture :
$\mathcal{P}_{\kappa}\lambda$ stationary set $S$ $\min${ $|S\cap C|$ : $C$ $\mathcal{P}_{\kappa}\lambda$ club}
statinaly set .
$|S|$ $|S\cap C|$ :stationary set $S$ $S=S_{0}\cup S_{1}$ , So
stationary, $S_{1}$ non-statinary $|S_{\mathrm{Q}}|<|S_{1}|$ , $S$ $|S|$
stationary set .
Menas’s conjecture , $\lambda=\kappa$ .
, Gitik
. .




$\mathrm{N}\mathrm{S}_{\kappa\lambda}=\{X\subseteq P_{\kappa}\lambda : X\}\mathrm{h}$ non-stationary}.
$\mathrm{N}\mathrm{S}_{\kappa\lambda}$ $P_{\kappa}\lambda$ $\kappa$-comPlete ideal .
$\mathrm{N}\mathrm{S}_{\kappa}$ , $\mathrm{N}\mathrm{S}_{\kappa\lambda}$ $\mathrm{N}\mathrm{S}_{\kappa}$ saturation
.
Fact 4.10 $S\subseteq P_{\kappa}\lambda$ stationary set , $\mu$ $\mu\leq\lambda$ cardinal , $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$
$\mu$-saturated $S$ $\mu$ stationary set
.
Fact 4.11 “ stationary set $S\subseteq P_{\kappa}\lambda$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$ $\lambda^{+}$-saturated ”
, “measurable cardinal ” .
, $\kappa$ stationary set , $P_{\kappa}\lambda$ stationary set $\lambda$
ZFC . , Solovay Fact 2.18
, .
Fact 4.12 (Gitik[8]) $P_{\kappa}\lambda$ stationary set $\kappa$ stationary set
.
, Menas’ conjecture ZFC . , $\lambda$
.
Fact 4.13 (Baumgartner) $S=\{x\in \mathcal{P}_{\kappa}\lambda : |x|=|x\cap\kappa|\}$ . ,
(1) $S$ stationary ,
(2) $\kappa$ successor cardinal $S$ club set ,
(3) $S$ stationary subset $\lambda$ stationary set .
Fact 4.13 , $\kappa$ successor cardinal .
Cor. 4.14 $\kappa$ successor cardinal $P_{\kappa}\lambda$ stationary subset $\lambda$
stationary set .
, .
Fact 4.15 (Baumgartner) G\"odel constructible universe , $\{x\in \mathcal{P}_{\kappa}\lambda : |x|=|x\cap\kappa|\}$
club set .
Cor. 4.16 G\"odel constructible universe , $P_{\kappa}\lambda$ stationary subset $\lambda$
stationary set .
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GCH , $\mathrm{c}\mathrm{f}(\lambda)\geq\kappa$ $P_{\kappa}\lambda$ stationary set $\lambda$ . , G\"odel
constructible universe $\mathrm{c}\mathrm{f}(\lambda)\geq\kappa$ $P_{\kappa}\lambda$ Menas’ conjecture
.
$\mathrm{c}\mathrm{f}(\lambda)<\kappa$ . $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\mathcal{P}_{\kappa}\lambda$ stationary set $\lambda^{+}$
, $\lambda$ . $\lambda$
.
Fact 4.17 ($\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}\mathrm{r}\mathrm{a}[18]$ , Matsubara-Shioya [20], $\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}\mathrm{r}\mathrm{a}- \mathrm{S}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{h}[19]$) $\lambda$ strong hhmit
singular cardinal , $P_{\kappa}\lambda$ stationary set $\lambda^{<\kappa}$ stationary set
. stationary set $S$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$ $\lambda^{+}$-saturated .
, Menas’ conjecture .
Fact 4.18 $(\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}\mathrm{r}\mathrm{a}[18])$ Menas’ conjecture ZFC G\"odel con-
structible universe Menas’ conjecture .
, . $\mathrm{D}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}-\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{t}[2]$ $2^{<\kappa}<\lambda$
$P_{\kappa}\lambda$ ,
$P_{\kappa}\lambda$
$\lambda^{<\hslash}$ . , Shioya[24] , ,
$P_{\kappa}\lambda$ $\lambda^{\{v}$ . , Shioya[24] $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\mathcal{P}_{\kappa}\lambda$
$\lambda^{+}$ statiollary set .
, $\mathrm{N}\mathrm{S}_{\kappa\lambda}$ saturation .
Fact 4.19 $(\mathrm{B}\mathrm{u}\mathrm{r}\mathrm{k}\mathrm{e}- \mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}\mathrm{r}\mathrm{a}[1], \mathrm{F}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}- \mathrm{M}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{o}\mathrm{r}[6])\kappa=\lambda=\omega_{1}$ , $\mathrm{N}\mathrm{S}_{\kappa\lambda}$ $\lambda^{+}-$
saturated . , $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\kappa>\omega_{1}$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}$ $\lambda^{++}$-saturated .
Foreman-Magidor[6] , $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$ $\lambda^{+}$ -saturated stationary set
.
, , Menas’ conjecture .
Fact 4.20 (Gitik[8]) GCH . $\kappa$ $\lambda$-supercompact cardinal5 . , forcing
extension :
$P_{\kappa}\lambda$ stationary set $\kappa^{+}$ .
$\lambda$ $\kappa^{+}$ , $P_{\kappa}\lambda$ stationary set $\kappa^{+}$
$\kappa^{+}$ . Gitik
Menas’ conjecture .
Gitik $2^{\kappa}\geq\lambda$ $\text{ }$ GCH Fact 4.17
, $\lambda$ singular cardinal . $\lambda$ regular ?
$\epsilon\lambda$-supercompact cudinal meas.urable cardinal . $\mathrm{K}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{i}[14]$
.
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Question 4.21 (Gitik[8]) GCH , regular $\lambda$ $P_{\kappa}\lambda$ stationary set $\kappa^{+}$
?
, Fact 417 GCH $\lambda$ singular cardinal , stationary set $S$
$\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$
$\lambda^{+}$ -saturated . $\lambda$ regular ?
Question 4.22 GCH , regular $\lambda$ $P_{\kappa}\lambda$ stationary set $S$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$ $\lambda^{+}$-saturated
?
. .
Definition 4.23 regular cardinal $\lambda$ ,
$S(\kappa, \lambda)=$ { $x\in P_{\kappa}\lambda:\mathrm{o}\mathrm{t}(x)$ et regular $p \backslash \vee\supset x[]\mathrm{h}\sup(x)^{-}C$ stationary}.
, $\mathrm{o}\mathrm{t}(x)$ $x$ , $\sup(x\rangle$ $x$ .
$S(\kappa, \lambda)$ .
Proposition 4.24 $P_{\kappa}\lambda\backslash S(\kappa, \lambda)$ stationary .
, $x\in S(\kappa, \lambda)$ $|x\cap\kappa|\leq \mathrm{o}\mathrm{t}(x\cap\kappa)<\mathrm{o}\mathrm{t}(x)=|x|$ , $S(\kappa, \lambda)\cap\{x\in P_{\kappa}\lambda$ : $|x|=$
$|x\cap\kappa|\}=\emptyset$ Fact 4.13 $\mathcal{P}_{\kappa}\lambda\backslash S(\kappa, \lambda)$ stationary .
, Fact 415 , $S(\kappa, \lambda)$ stationary set .
$S(\kappa, \lambda)$ – .
Proposition 4.25 $(\mathrm{U}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}[29])\lambda$ regular , $S$ $P_{\kappa}\lambda$ stationary set $S\backslash$
$S(\kappa, \lambda)$ stationary , $S$ $\lambda$ stationary set .
, $\kappa^{+}$ stationary set ( $\lambda$ regular ) $S(\kappa, \lambda)$
subset .
, $S(\kappa, \lambda)$ .
Tbeorem 4.26 ($\mathrm{U}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}[29];\lambda=\kappa^{+}$ $\mathrm{K}\mathrm{r}\mathrm{u}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{r}[16]$ ) GCH . $\kappa$ $\lambda$-supercomPact
cardinal , $\lambda$ regular cardinal forcing extension
:
$\bullet$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S(\kappa, \lambda)\}\mathrm{f}\lambda^{+}$ -saturated,
$\bullet$ GCH .
GCH stationary set $S$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S$ $\lambda^{+}$ -saturated .
Fact 4.17 , $\lambda$ regular singular $P_{\kappa}\lambda$
.
\breve \tilde , Gitik .
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Theorem 4.27 $(\mathrm{U}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{a}[05])$ GCH . $\kappa$ $\lambda$-superconupact cardinal , $\lambda$ regular
cardinal . $\mu$ cardinal $\kappa\leq\mu<\lambda$ . forcing extension
:
$\bullet$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}|S(\kappa, \lambda)$ es $\mu^{+}$-saturated,
$\bullet$ cardinal $\nu$ $\kappa\leq\nu<\mu$ $2^{\nu}=\nu^{+}$ .
, $S(\kappa, \kappa^{++})$ $\kappa^{++}$ stationaly set $2^{\kappa}=\kappa^{+}$
.
, Theorem 4.27 Gitik . – , Fact 417




GCH , $P_{\kappa}\lambda$ stationary set $\lambda^{<\kappa}$ stationary set
.
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